We investigate the attractor of the product system and mainly prove that the likely limit set of the product system equals the product of one of each factor system for compact systems with solenoid attractors. Specially, this holds for the product map of Feigenbaum maps. Furthermore, we deduce that the Hausdorff dimension of the likely limit set of the product map for Feigenbaum maps is the sum of one of each factor map.
Introduction
An attractor plays a very important role in the studies of dynamical system. The concept of the likely limit set was introduced by Milnor in 1985 (see [1] ). As indicated in [1] , the likely limit set always exists. Because this kind of attractors gathers the asymptotic behaviors of almost all points, it is very necessary to study them.
In [2] , an analytic function similar to a unimodal Feigenbaum map (we call the solution of Feigenbaum functional equation Feigenbaum map) was investigated; the Hausdorff dimension of the likely limit set of it was estimated. We discussed the dynamical properties of unimodal Feigenbaum map, estimated the Hausdorff dimension of the likely limit set for the unimodal Feigenbaum map, and proved that for every ∈ (0, 1), there always exists a unimodal Feigenbaum map such that the Hausdorff dimension of the likely limit set is . We also considered the kneading sequences of unimodal Feigenbaum maps (see [3] ). Similarly to this, we studied the nonunimodal Feigenbaum maps in [4] .
In this paper, we explore the dynamics of the product map whose every factor map has solenoid attractor and show that, for this kind of product map, the likely limit set has multiplicative property; that is, the likely limit set of the product map equals the product of one of each factor system. As an application, we consider the product of Feigenbaum maps. The main results are Theorems 8 and 10.
Basic Definitions and Preparations
Milnor introduced the concept of the likely limit set in 1985 [1] .
Definition 1.
Let be a compact manifold (with boundary possibly) and a continuous map of into itself. The likely limit set Λ = Λ( ) of is the smallest closed subset of with the property that ( , ) ⊂ Λ for every point ∈ outside of a set of Lebesgue measure zero ( ( , ) denotes the -limit set of the point under ).
A set
⊂ is called a minimal set of if ̸ = and ( , ) = for every point ∈ . As is well known, the minimal set is a nonempty, closed, and invariant subset under , and it has no proper subset with these three properties (see [5] ). Therefore, if is a minimal set with ( , ) ⊂ for almost all ∈ , then = Λ( ).
The notion of period interval is an extension of one of period point [6] .
Definition 2. Let be a real compact interval and ( ) the set of continuous maps from into itself. Let be the set of positive integers, ∈ ( ). A sequence ( )
=0 of closed subintervals of is said to be periodic of if they have disjoint interiors and ( ) ⊂ +1 for any = 0, 1, . . . , − 2 and
a cycle of periodic intervals. . We call the family {( )
. If a solenoid admits a covering of type (2 ) ∞ =1 , we call it a doubling period solenoid of .
Let , be , dimensional compact space, respectively. Descartes product of and is × = {( , ) ∈ + | ∈ , ∈ }; * denotes Descartes product of and .
Let : → , : → be continuous maps. For all ( , ) ∈ × , ( × ) ( , ) = ( ( ) , ( )) .
(1)
The concepts of -limit set and likely limit set in one dimension can be extended to the product space.
In 1978, Feigenbaum [7] put forward Feigenbaum functional equation:
where ∈ (0, 1) is to be determined. In 1985, Yang and Zhang [8] proposed the second type of Feigenbaum functional equation:
where ∈ (0, 1) is to be determined. There is a close link between the solutions of these two types of equations. 
and dim(⋅) denotes the Hausdorff dimension.
For a proof see [3] . For a proof see [3] . 
For a proof see [4] .
Lemma 6. For every ∈ (0, 1), there always exists a nonunimodal Feigenbaum map such that dim Λ( ) = .
Lemma 7. If , are well-distributed Cantor sets, then
where dim(⋅) denotes the Hausdorff dimension.
For a proof see [9] .
The Theorems and Their Proofs

Theorem 8 (main theorem). Let , be compact intervals, = × , and let : → , : → be continuous, and let Λ( ), Λ( ) be solenoid attractors; then for × : → , one has
Proof. Let , be as indicated in the theorem. Consider
where { } 
First, we show Λ( × ) ⊂ Λ( ) × Λ( ).
By the definition of likely limit set, we assume that ( , ) ⊂ Λ( ) for every ∈ outside of the set 0 ⊂ with Lebesgue measure zero and ( , ) ⊂ Λ( ) for every ∈ outside of the set 0 ⊂ with Lebesgue measure zero. Since Λ( ) and Λ( ) are closed sets, Λ( )×Λ( ) is a compact invariant set; then it is a closed set. Λ( × ) is the smallest invariant closed set that attracts almost all points in . Thus, it is enough to prove that Λ( ) × Λ( ) attracts almost all points in in order to show Λ( × ) ⊂ Λ( ) × Λ( ).
Because any ∈ − 0 , ( , ) ⊂ Λ( ), any ∈ − 0 , ( , ) ⊂ Λ( ), for any ( , ) ∈ × − ( 0 × ) ∪ ( × 0 ), it is easy to know
Since ( 0 × )∪( × 0 ) is a Lebesgue measure zero set, it follows that Λ( ) × Λ( ) attracts almost all points in . Therefore,
Second, we prove that Λ( ) × Λ( ) ⊂ Λ( × ).
Suppose that there is a point
By the definition of solenoid attractor, there must be period intervals 
Sum up, we obtain
Obviously, this conclusion holds for finite maps.
Corollary 9.
Let : → be a continuous map, where is a compact interval and Λ( ) is a solenoid attractor, = 1, 2, . . . , ; then
Specially, this holds for the unimodal Feigenbaum map and the nonunimodal Feigenbaum map which we have discussed in [3, 4] , respectively. By the proof of Lemma 3 (see [3] ), we know 
It is easy to see that
and ( ) is the sum of 2 closed sets which are disjoint from each other; that is, ( ) is a sequence of closed intervals with period 2 . Hence, by Theorem 8 we get 
Proof. It is easy to know from Theorem 10 and Lemma 7.
By Lemmas 4 and 6 and Theorem 11, we immediately have the following.
Corollary 12.
For any ∈ (0, 2), there are Feigenbaum maps , such that dim Λ ( × ) = .
Conclusion
We discussed the likely limit set of product system, show that the likely limit set of product map of two maps with solenoid likely limit sets equals the product of one of each factor map, apply this to the unimodal Feigenbaum map and the nonunimodal Feigenbaum map, and know that the Hausdorff dimension of the likely limit set of the product map of two Feigenbaum maps is the sum of one of each factor map.
